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Self similarity of liquid droplet coalescence in a quasi-
2D free-standing liquid-crystal film
Christoph Klopp,∗a Torsten Trittel,a Ralf Stannarius†a
Coalescence of droplets is an ubiquitous phenomenon in chemical, physical and biolog-
ical systems. The process of merging of liquid objects has been studied during the past
years experimentally and theoretically in different geometries. We introduce a unique
system that allows a quasi two-dimensional description of the coalescence process,
micrometer-sized flat droplets in freely suspended smectic liquid-crystal films. We find
that the bridge connecting the droplets grows linearly in time during the initial stage of
coalescence, both with respect to its height and lateral width. We also verify self-similar
dynamics of the bridge during the first stage of coalescence. We compare our results
with a model based on the thin sheet equations.
1 Introduction
The motion of fluid structures within other fluids in re-
stricted geometries as well as the flow surrounding them
are interesting phenomena in physical, chemical and bio-
logical systems. Experimental studies of merging fluid ob-
jects started at the end of 19th century, with pioneering
work on collisions of liquid jets by Rayleigh1–3, on inter-
actions of touching soap bubbles4,5, and others. In some
cases, droplets in contact with surfaces of the same liq-
uid avoid merging (see, e. g.6–8), but in most situations,
droplets coalesce after contact, reducing their surface area
by forming one single, larger drop. The merging of liquid
objects such as droplets, fluid cylinders or flat disks has im-
portant practical relevance (see, e. g.9 and Refs. therein).
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One can find coalescence, for example, during rain drop
formation10 but also in the process of merging powder
into a homogeneous material by heating (sintering)11. In-
dustrial applications, such as ink-jet printing, coating pro-
cesses and the stabilization of emulsions require a better
and detailed understanding of the merging dynamics of liq-
uid droplets. Several investigations of three-dimensional
(3D) and 2D coalescence of liquid objects and their dy-
namics, published particularly during the last two decades,
were devoted to the description of these processes12–38.
A model that analytically describes the coalescence of in-
finitely extended coaxial cylinders has been developed by
Hopper12–14. This model has been applied, with qualita-
tive but no quantitative agreement, to describe the merg-
ing of so-called islands, flat circular disks of surplus mate-
rial, in the plane of freely suspended smectic liquid-crystal
films26,39,40: A similar geometry is that of flat nematic is-
lands floating on an immiscible liquid27,28. In that case, the
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flow of the nematic material during coalescence is coupled
to flow of the substrate liquid, and the authors observe a
transition from an initial dynamics driven by surface dis-
sipation to a later stage with volume dissipation, which
changes the exponent of the observed scaling laws.
Another frequently encountered geometry is that of co-
alescing spherical or suspended hemispherical droplets in
3D15–24. In few of these experiments, spherical droplets
are freely floating in a carrier liquid20,21,24, while in most
cases (e. g.15–19 sphere-cap shaped droplets are suspended
on nozzles. The initial phases of coalescence are compara-
ble, but the final stage of the latter is a catenoid connecting
the supporting nozzles.
Droplets attached to flat solid substrates show a qualita-
tively different dynamics of merging, mainly because the
flow field is qualitatively different from that in the coales-
cence of free droplets, owing to no-slip conditions for the
flow field at the solid surface29–38. The wetting characteris-
tics of the fluid on the substrate is relevant and the contact
angle becomes an important parameter.
In addition to solid substrates, there are also experiments
of droplets coalescing on liquid substrates41–43, including
merging of droplets with a planar surface of the same liq-
uid42.
In the present paper, we analyze the coalescence dynam-
ics of liquid droplets in a quasi two-dimensional geome-
try. Flat, lens-shaped droplets are embedded in a nanome-
ter thin free-standing liquid-crystal film. We observe the
micrometer sized droplets using high-speed interferomet-
ric microscopy. This geometry has several advantages over
previous experiments: First, there is no substrate or sub-
phase, the film is embedded in air on both sides. Thus,
one can assume that the flow profile during coalescence is
practically two-dimensional, and no velocity gradients nor-
mal to the film plane exist. The components of the velocity
vectors are limited to the film plane. The vertical compo-
nent can be neglected in the dynamic equations. The evo-
lution of the lens height is governed by volume conserva-
tion. Second, the observation in reflected monochromatic
light allows to record the contour of the merging droplets
on the film as well as the simultaneous detection of their
height profile from interference fringes. Thus, one can ex-
tract the complete three-dimensional profile of the merging
droplets. By changing the temperature near the clearing
point of the smectic mesophase, one can control the con-
tact angle of the droplets with the film without changing
any other parameters in the coalescence process. All these
features make the present system uniquely suitable to test
and confirm models describing the coalescence of such liq-
uid lenses.
Even though this system is at first glance related to the
coalescing smectic islands studied by Shuravin et al.26 and
Nguyen et al.39,40, there is a fundamental difference be-
tween both phenomena: The islands are two-dimensional
flat disks of constant height whose coalescence is driven by
the line tension of the dislocations surrounding them.The
island material is in the same mesophase as the surround-
ing film. The smectic island coalescence was found to be-
have very similar to the predictions by Hopper for infinitely
long coalescing parallel cylinders.
In our experiment, the droplets are formed from a differ-
ent phase of the material, the driving force arises from the
reduction of the surface energy of the droplets, while the
line tension at the contact to the surrounding film is neg-
ligible. Additionally, the height profile of the liquid lenses
and the 3D character of the process cannot be neglected.
Both the top views and the height profiles of the liquid
bridges that connect the droplets during merging can be
observed simultaneously, and we are able to construct fully
3D images at all time steps. The experimental results are
compared to an analytical model by Hack et al.43. This
model is based on the lubrication flow in the cross-section
normal to the film plane, along the axis of initial connec-
tion between the droplets. It predicts the dynamics and the
self-similarity of the liquid bridge.
2 Experimental setup
Our experiments are performed with free-standing films in
the smectic A phase. Such LC films can be prepared with
areas up to several square centimeters and thickness from
only ≈ 10 nm up to several micrometers. Due to the lay-
ered structure of the smectic A phase, these films are ho-
mogeneous in thickness and extremely robust. In fact, our
films can be considered as quasi-2D. Liquid inclusions in
the form of flat lenses embedded in the film plane are pre-
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pared with a procedure described below.
The smectic freely suspended films are drawn across a
circular hole of 10 mm diameter in the top plate of a 4
mm high pressure chamber (Fig. 1), placed on a control-
lable hot stage (Linkam THMS 600). After a film is drawn,
the air below the film in the airtight chamber can be par-
tially evacuated with a microsyringe. Thereby, the film
will slightly bend down until the film curvature creates a
Laplace pressure compensating the underpressure in the
chamber.
Fig. 1 Sketch of the pressure chamber that holds the smectic
film. Air pressure can be adjusted in the chamber to bend the
film upwards of downwards. Two PT 1000 temperature sensors
measure the temperature above and below the film. The hole
in the support glass has a diameter of 10 mm. This chamber is
inserted in a Linkam THMS 600 heating stage
The complete setup is placed under a polarizing micro-
scope (ZEISS Axioscope 40) where we illuminate the film
with a mercury lamp and a green filter for monochromatic
light. A Phantom VEO 710L high-speed camera is em-
ployed to observe the coalescence with a frame rate of 24
000 fps with a typical frame size of 500 x 500 pixels. With
the color filter of wavelength λ=546 nm we are able to
observe interference between light reflected at the top and
bottom surfaces of the films or flat droplets. This allows
us to determine local thicknesses of the structures with an
accuracy of about 90 nm.
The liquid crystal material used is a mixture of 80 %
5-heptyl-2-[4-(4-methylhexyloxy)-phenyl]-pyrimidine and
20 % 4-(5-octyl-pyrimidine-2-yl)-benzoic acid decyl ester
(Displaytech mixture MX 12160, shear viscosity η = 0.014
Pa·s close to the transition temperature to the isotropic
phase for shear flow in the film plane44, surface tension
γsm = 0.024 N/m). This thermotropic mixture has a bulk
transition from the smectic A (SmA) to the isotropic phase
at a temperature of 54◦C (clearing point). When this bulk
transition temperature is reached, the inner layers of freely
suspended films start to melt while the outer layers remain
in the SmA phase45–48. The isotropic material then col-
lects in the form of liquid droplets embedded in the SmA
environment (Figure 2). At constant temperature, an equi-
librium between the molten isotropic material and the re-
maining film is reached and the droplets coexist with the
SmA film.
Fig. 2 Sketch of two droplets at the beginning of coalescence,
with bridge height hb(t) (half the bridge thickness) and the height
profile h(x, t) (half the droplet thickness) in the symmetric mid-
plane. The isotropic droplets are embedded in the smectic A film
and their surfaces are covered by a few smectic layers. The ver-
tical dimension is greatly exaggerated in the sketch
The initial droplet diameters D0 are in the range from
5 µm to 100 µm and the droplets have initial heights H0
between 0.2 µm and 2.3 µm. The upper and lower parts of
the droplets are mirror-symmetric, they represent sphere
caps in equilibrium. Note that H0, hb and h refer to the
height of the surface respective to the film mid-plane, i.
e. to half the local thicknesses. Knowing the geometrical
parameters, one can calculate the contact angle θ between
the film and the droplet surface:
θ = 2 · arctan(2H0/D0). (1)
The droplets are prepared on flat films by heating the
material to slightly above the bulk transition temperature.
Then, the film is slightly bent down by sucking some air
out of the chamber. The radius of curvature of the film
is well in the centimeter range so that the curvature can
be neglected on the scale of the droplets. However, the
droplets slide down towards the lowest region of the film.
By changing the curvature of the film with small pressure
changes we can adjust the effective gravitational force in
Journal Name, [year], [vol.],1–10 | 3
order to control the motion of the droplets towards each
other. They touch each other and usually remain in this
intermediate contact state for a few moments. After they
have overcome a certain barrier, their coalescence starts.
This is similar to the observations of Shuravin et al.26 who
observed smectic islands coalescing in similar films.
Fig. 3 Top view of two merging droplets with interference fringes
in monochromatic light (D01 = 30.3 µm, D02 = 45.1 µm, H01 =
0.66 µm, H02 = 0.99 µm). Indices 1,2 refer to the two droplets.
The snapshots were taken at times 0.0 ms, 0.5 ms and 1.0 ms
after the start of the coalescence (from top to bottom). In each in-
terference pattern, the bottom half is the experimentally observed
picture, and the top half represents the calculated interference
pattern using the fitted height profile. The graphs on the right
hand side show the calculated height profiles in the symmetry
axis through the centers of the droplets.
Interference rings of the droplets under monochromatic
illumination provide the local droplet heights during the
coalescence process. Based on these fringes, we can recon-
struct the complete height profiles (Figure 3).
3 Results
Our experiments show that the connecting bridge grows
linearly in time, both parallel to the film plane (width wb)
and perpendicular to it (height 2hb) during the first mil-
liseconds. Figures 4 and 5 show these characteristics for
a typical droplet pair. The log-log plots (insets of Fig. 4
and Fig. 5) confirm that linear trend. Hack et al.43 dis-
tinguished two regimes in their model: a nonlinear inertia
dominated regime with small viscosities where they find
a growth of the bridge height with hb ∝ t2/3, and a linear
regime where hb ∝ t for high viscosities. They used the thin
sheet equations, which implies two assumptions: the fluid
flow during the whole coalescence process is dominated
by flow in the film plane and velocity gradients normal to
the plane can be neglected. the flow perpendicular to the
film plane can be eliminated from the equations. Similar
to drop coalescence on a substrate31,49, the modelling of
liquid lenses can be immensely simplified: The evolution
of the bridge height is described using a two dimensional
cross-section containing the connecting axis of the droplet
centers (the x-axis in our coordinate system). Furthermore,
Hack et al. assumed that the droplet merging is controlled
and defined by the flow inside the droplets and that the
flow in the subphase can be neglected. With these simplifi-
cations, the thin sheet equations read50:
ht +(uh)x = 0 (2)
ρ(ut +uux) = γhxxx+4η
(hux)x
h
(3)
where h(x, t) defines the shape of the merging droplet de-
pending on time and position and u(x, t) is the velocity par-
allel to the free standing film. Lower indices indicate spa-
tial and temporal derivatives, where x is taken along the
direction connecting the two droplet centers, see Fig. 3.
Plug flow is assumed in first approximation. Within that
equation that includes mass and momentum conservation,
ρ is the density, and γ is the surface tension of the droplets
with respect to the surrounding air. This value is slightly
larger than γsm because of the existence of an additional in-
terface tension at the droplet surface between the smectic
skin layers and the isotropic bulk liquid inside the droplets.
For the early shape evolution, Hack et al.43 solved these
equations for the present geometry of two equally sized
coalescing droplets introducing similarity solutions of the
form
h(x, t) = ktαH (ξ ), u(x, t) =
αk
θ
tβU (ξ ), ξ =
θx
ktα
, (4)
where H and U are the self-similarity functions for the
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Fig. 4 Measured bridge height hb during the merging process of
two nearly equal-sized droplets (D01 = 35.5 µm, D02 = 34.7 µm,
H01 = 1.13 µm, H02 = 1.10 µm, θ = 7.3◦).
bridge height profile and the flow velocity in the droplets.
The parameter ξ is chosen such that h(x, t) reaches the con-
tact angle θ far from the bridge. For the viscous regime
which is relevant here, they set ρ = 0 (neglect the inertial
term) and found α = 1, β = 0, thus
h(x, t) = ktH (ξ ), u(x, t) =
k
θ
U (ξ ), ξ =
θx
kt
. (5)
As one result of the analysis, the model predicts a linear
growth of the bridge height during the initial phase of coa-
lescence. In the experiment, we observed this trend shown
in Fig. 4 over a time period of about 1 ms. The nonlinear
deviations set in only when the bridge height has already
reached more than 3/4 of the final droplet height.
An important parameter of that model is the dimension-
less bridge velocity
K =
4ηk
γθ 2
(6)
Here, k = dhb/dt represents the dimensional growth veloc-
ity of the bridge height. From the numerical solution, Hack
et al.43 found a value of K ≈ 2.21 as the correct value of the
shooting parameter that satisfies the boundary conditions.
Using Eq. (6), we can describe the initial growth rate
of the bridge height dhb/dt in dependence of the contact
Fig. 5 Measured bridge width wb during the merging process of
two nearly equal-sized droplets (D01 = 35.5 µm, D02 = 34.7 µm,
H01 = 1.13 µm, H02 = 1.10 µm, θ = 7.3◦).
angle θ ,
dhb
dt
=
Kγ
4η
θ 2. (7)
Note that this parameter depends in quadratic form on the
contact angle. The latter is related to the ratios of inter-
face tensions of the droplet surfaces and the surround-
ing smectic film by Young’s equation. Our system allows
a straightforward adjustment and measurement of θ and
thus a direct test of Eq. (6). In the system described in
Ref.43, where oil droplets on a water subphase were con-
sidered, the change of the contact angle requires chemical
modifications of the fluids or addition of surfactants. In
our smectic films, the contact angles are very sensitive to
temperature changes near the phase transition51. When
the temperature is varied by a few tenth of a degree, the
contact angle can be changed substantially. Thus, the pre-
dicted square dependence of the dimensionless coalescence
rate K in Eq. (6) can be verified experimentally. While the
actual temperatures can be adjusted within a few dozen
mK, the measurement of the exact film temperature with
the same precision is not possible. Nevertheless, the widths
of the interference fringes (Fig. 2) are accurate indicators
of the contact angles, which we control by setting the film
temperature51.
Figures 6 and 7 show the measured growth rates of
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bridge heights and widths for different droplet pairs as
functions of the contact angle. The experiments confirm
the quadratic dependence of dhb/dt on θ , but there is a
quantitative discrepancy with the model. If one considers
the result K = 2.21 from Ref.43 for the bridge height growth
rate, then the ratio γ/η would have to be 0.125 m/s. With
the known surface tension of the liquid-crystal material,
γ = 0.024 N/m and the shear viscosity η = 0.014 Pa s, one
expects γ/η ≈ 1.7, i. e. more than one order of magnitude
larger. In fact, the smectic material obviously obeys the
same scaling as predicted by the lubrication model, but it
flows one order of magnitude slower than predicted.
Figure 8 confirms that the scaling of the height profiles
introduced in Eqs. (4) describes the initial stages of coales-
cence excellently, even better than for the floating oil lenses
in Ref.43.
Fig. 6 Growth rate of the bridge height hb in dependence of the
contact angle θ . The different colors in the experimental data
visualize different diameter ranges of the merged (final) droplets.
From a quadratic fit (solid red curve), we extract the parameter
Kγ/η = 0.28 m/s
An important difference to the experiments of Hack et
al.43 is the free standing film in our system. In their exper-
iments, they studied droplets floating on a liquid surface,
and the bottom half of the lenses was completely embed-
Fig. 7 Growth rate of the bridge width in dependence of the con-
tact angle. The different colors in the experimental data visualize
different diameter ranges of the merged (final) droplets. Since
the profile of the bridge does not vary much during the coales-
cence, one can fit a quadratic curve to the width characteristics
as well (solid red curve), the ratio of bridge height and width is
roughly constant, between 0.045 and 0.06 (see Fig. 9)
ded in the liquid subphase. Using thin films, our droplets
are only covered by a few nanometers of smectic material,
but otherwise surrounded by air only. Practically, these two
situations are equivalent, except that in our system, the
geometry is symmetric respective to the film plane. The
surface tension of the subphase respective to air in the pre-
vious experiment plays the role of the smectic film tension.
The latter does not explicitly enter the equations (2,3), it
is only implicitly included via Young’s equation fixing the
lenses’ contact angle. The gain in energy by the shortening
droplet contact line is much smaller than the reduction of
the surface energy, i.e. the line tension along the droplet
boundaries is negligible. This again highlights the substan-
tial difference between coalescing droplets and coalescing
islands in smectic films.
The θ 2 dependence of the growth rates of both the
bridge height and width suggests that their ratio is ap-
proximately constant, which is reflected in Fig. 9. There
is a slight tendency of a flattening of the bridge in the ini-
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Fig. 8 Scaled height profile at different instants at the posi-
tion of the bridge center (x=0), all curves collapse to one sin-
gle curve, which verifies the self-similarity of the height profile
(D01 = 65.5 µm, D02 = 101.8 µm, H01 = 1.41 µm, H02 = 2.19 µm),
from the center of the bridge we plotted the profile 12 micrometer
in both directions
tial stage of coalescence, but after approximately 1 ms, the
bridge reaches a constant profile. The ratio of height and
width corresponds to an arc-shaped cross section with a
contact angle close to the equilibrium value at both sides.
During the first 1 ms, the bridge appears to be 25 % flatter,
but this deviation is at the limits of experimental resolu-
tion.
4 Discussion
The scaling characteristics of the coalescence of isotropic
droplets in smectic liquid-crystal films can be excellently
described with the lubrication model of Hack et al.43. The
early bridge expansion is well described by by considering
only the flow in a cross section along the connecting axis of
the two liquid lenses. The predictions on self-similarity are
excellently confirmed in our experiments. The self-similar
solution applies over a long time range, until the bridge
height reaches ≈ 75% of its final value. Our system allows
to vary the contact angle over one order of magnitude by
adjusting different temperatures in the vicinity of the clear-
ing point of the material.
Fig. 9 Ratio of bridge height and width, the right axis shows the
contact angle θb determined from this ratio with Eq. (1) during
coalescence - it finally reaches the static contact angle
While the scaling properties are in perfect agreement
with the predictions, it turns out that the quantitative coef-
ficients are off by one order of magnitude. Considering the
known material parameters of the smectic material, surface
tension and shear viscosity, the actual coalescence speed
is at least an order of magnitude too slow. It is unlikely
that this discrepancy arises from the uncertainties of the
experiment. Rather, a systematic origin of the delay of co-
alescence has to be sought. Several possible explanations
may be considered. The most probable one is that the ef-
fective surface tension during coalescence is actually much
smaller than assumed. The value given above is the static
surface tension, which is relevant for processes that take
place on time scales of several milliseconds and slower.
On such long time scales, thin freely suspended films can
decrease their surface area, e. g., by creating additional
smectic layers52,53. On the other hand, expansions of the
surface can be achieved if holes are torn into the upper
layers of the smectic film54, and the layers rearrange after-
wards. When a freely suspended smectic film or a similarly
perfectly ordered smectic sample undergoes such quick re-
organizations of layers, it requires additional energy to cre-
ate, displace or remove dislocations in the layer structure.
This energy has to be delivered by the surface energy re-
duction. In the extreme of very fast processes, the smectic
material keeps its surface constant, i. e. it behaves as if
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it had a zero effective surface tension. This is manifested,
for example, by the formation of extrusions or wrinkles in
laterally compressed smectic films52,55.
In the present coalescence experiment, the smectic lay-
ers on the surface of the isotropic droplets must be dis-
posed when the surface area is reduced. Since the coa-
lescence proceeds in the millisecond and sub-millisecond
time range, one can expect that the effective surface ten-
sion is indeed decreased respective to the stationary value.
Figure 10 sketches this scenario. A back-of-the-envelope
calculation provides an estimate of the energy needed to
dispose the smectic surface layers. The melting enthalpy of
liquid crystals from the nematic to the isotropic phase56 is
of the order of 6 kJ/kg. The energy per film area required
to melt a single smectic layer at the surface (thickness ap-
proximately 3 nm) can be estimated as 0.018 N/m, this
is of the order of the static surface tension itself. If the
dynamic surface tension is reduced by this process, it may
reach an effective value that is much smaller than the static
surface tension. A direct measurement of dynamic surface
tensions of smectics respective to air has not been reported
so far, thus it is difficult to evaluate this explanation quan-
titatively.
Fig. 10 Sketch of the smectic layers at the surface of the isotropic
droplet. A quick reduction of the surface cannot be compensated
by lateral displacement of the smectic material. It must either
be compensated by melting of the surface material (red) into the
isotropic phase, or by the formation of new smectic layers.
Another effect, although less important, may be the in-
fluence of the surrounding air viscosity. In fact, the bridges
have submicrometer heights at least during the initial stage
of coalescence. Then, one has to take into account that
an air layer (viscosity ηair ≈ 2 · 10−5 Pas) above and below
the droplet is carried with the fluid. The dimension of this
air layer is roughly given by the Saffman length57,58, `s =
ηh/(2ηair) ≈ 350 µm. Saffman’s calculations apply to the
mobility of a circular object moving in a thin film that has
a higher viscosity than the surrounding fluid. The adap-
tion of this model to the in-plane shear flow around the
coalescing droplets is not straightforward, thus a straight-
forward quantitative estimation of the influence of air ad-
vection cannot be made, but it seems that this effect should
be of little importance. The thickness of bridges is indeed
two orders of magnitude lower than in Hack’s study43, but
in their work, where the influence of the surrounding fluid
was assumed to be negligible, the subphase was water with
a much higher viscosity (factor 100) than air. For coa-
lescing spherical drops17, it was previously shown that the
outer fluid’s viscosity has little influence on the early coa-
lesence dynamics, even if it is substantially larger than the
droplets’ viscosity.
5 Summary and outlook
Summarizing, isotropic droplets in thin freely suspended
smectic films provide an excellent system to measure the
coalescence of flat lens-shaped droplets. The droplet coa-
lescence is driven by the surface tension of the droplets, in
contrast to flat islands in smectic free-standing films26,39,40
where the coalescence is driven by the line tension around
the islands. The scaling behaviour of the bridge shapes
is excellently captured by the thin sheet model of Hack et
al.43, but the bridge expansion proceeds an order of mag-
nitude slower than predicted. The static surface tension
of the material seems to be inappropriate for setting the
time scale of the coalescence process, since the isotropic
droplets are wetted by thin smectic surface layers whose
dynamic surface tension is much smaller than the equilib-
rium value. It only enters the model implicitly through the
contact angle, which is a static or very slowly varying vari-
able.
We propose to perform similar experiments in free-
standing smectic films using droplets of other immiscible
liquids that are not wetted by the smectic material, in order
to confirm or discard our hypothesis. The problem is to find
an immiscible material with a surface tension that is only
slightly larger than that of the smectic. Otherwise, the con-
tact angle will be too large and the interference rings are
much denser so that they cannot be distinguished unam-
8 | 1–10Journal Name, [year], [vol.],
biguously. This will render the height profile measurement
impracticable. Furthermore, the lubrication approximation
may no longer be applicable. Theoretical studies account-
ing for a more complex surface rheology or incorporating
the dynamics of smectic layer melting/reorganization may
shed light on the mechanism of the reduction of the ef-
fective surface tension in our coalescing molten droplets
covered by few smectic layers.
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